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Abstract. We have studied a series of (ansiitze) ordinary differential equations of the first
order, which correspond to the travelling (and/or solitary) wave solutions of some nonlinear
partial differential equations. We have investigated the conditions, under which the nonlinear
partial differential equations have certain kinds of travelling (and/or solitary) wave solutions,
As a consequence of applications, we can take the trial procedures to obtain the traveiling
wave solutions, which is a very efficient method for solving several classes of nonlinear partial
differential equations.

1. Introduction

Nonlinear evolution and wave equations are special classes of partial differential equations,
which have been studied intensively for the past decades (e.g. see two recent books {I, 2]).
When a nonlinear partial differential equation is used to describe a physical parameter which
shows some kinds of propagation or aggregation propertics, one of the important physicat
motivations is to solve the partial differential equation with the travelling (and/or solitary)
solutions. However, due to the complexity of the mathematics, there are few exact travelling
solutions obtained by limited techniques [1-14].
As far as the travelling solutions are concerned, one can always use the transform:

E=x—ct

thus, the nonlinear partial differential equation will be simplified to a nonlinear ordinary
differential equatton, However, solving the nonlinear ordinary differential equation is also
a very difficult target to achieve.

Hereman and co-workers [9] recently introduced an algebra approach to obtaining the
travelling (and/or solitary} wave solutions. Their method is straightforward, but has difficulty
in summing a series of expansion related to the recursion relations of the coefficients.

Using a special nonlinear transform Wang et af [11] obtained a travelling solution to a
generatized Fisher equation. Assuming the solution to be a polynomial of hyperhalic tangent
functions, Lan and Wang [12] obtained the exact solutions for two nonlinear evolution
equations. However, their approach is restricted for the special problem. It is difficult to
extend their method to more general nonlinear evolution/wave equations.

Quite recently, Lu and co-workers [13] introduced the Bernoulli equation as an ansatz
to solve some nonlinear diffusion equations. Through simple algebraic calculations, they
obtained the travelling wave solutions to the Newell-Whitehead equation, the generalized
Burgers-Fisher equation, and the generalized Burgers-Huxley equation, etc. Inspired by
Lu et al's work, we have studied a series of new ansdtze, which can be related to some
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nonlinear evolution/wave equations in a more general sense. Applying this approach, we
have obtained several new travelling (and/or solitary) wave solutions to some generalized
Korteweg—de Vries (Kdv) equations, generalized Burgers equation, and modified sine—
Gordon equations, etc. We report these results in this paper.

This paper is arranged as follows. We present a series of ansdtze whose solutions
correspond to the general nonlinear evolution and wave equations in section 2. The examples
presented in section 3 show how to obtain the travelling (and/or solitary) wave solutions
through trivial algebraic operations. Section 4 is a brief discnssion and outlook about the
further extension to the study of nonlinear evolution/wave equations for high-dimensional
systems and a coupled nonlinear evolution/wave equation system.

2. Ansitze and solutions

Let us consider the following nonlinear partial differential (evolution/wave) equations:

Filwdue + foli)uz + fo(udin + falwdue + fs()uze + folu? + frlmduous + foludn?

+ foludupe + fro(uwdny + friQwdue + fra(udue: + fal)uuy,

+ fra(uduguy, + fis(uuuey + fro(udugiy, + fl‘f(u)u?

+ fis@)uluy + fig(uu? + faolu)u + - = glu) (1)
where fi(u) (f =1,2,3,...) and g(u) are algebraic functions of  (such as polynomials,

rational functions, and triangle functions etc), u, = du/adr, and 1, = du/dx, etc. Since we
are only interested in the travelling (and/or solitary} wave solutions, we let

E=x—a @)

where ¢ is the speed of the propagating waves. Equation (1) is thus transformed to a
nonlinear ordinary differential equation as

[—cfi + folu' + [ i — cfa+ Slu" + [ fo — cfs + fal(d')?
e fo + c* fio = efir + fia)u”
+[=c*fis + P fia — cfis + fislw'n”
+I—c fir + * fis — cfio + folW'Y + - =gu). (3)

In fact, it is almost impossibie to solve this nonlinear ordinary differential equation for
a general consideration. We now look for some typical travelling (and/or solitary) wave
solutions which are well defined.

2.1. Case |

For a general consideration of hyperbolic cosecant function solutions, we consider the ansatz

2/
W = —vhbu 1 — (3) ()
a

where v, a, and b are real numbers, and v > 0. Through integration, we obtain the solution
as

u(E) = a sech (bt + cg) . (5)
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Thus, we have

v a2 [ 1Ne\"Y_ vb _ 1\ (277
. —‘”“‘[l (”s)(z) ]* ——w/—l_m/awv[l (+3)() }“
w2 2[ (v+1)(v+2)(u)2/u} !
W = viptl - L T T u

v? a
3

_ u v
v = -————[lﬁ —2(v+ D@ +20+ ul)(-)
a

1= (ujayl
4/v
Lt D+ + 3)(%) ]u

2fv
) = b4|:v4 — 2w+ D +22+2v+ uz)(g)

4/v
+ v+ D@+ 2+ 3+ 4)(5) }u’

Substituting these results into (3) yields

vb(ct fs — cfs + fs)[ ( 1)(”)2”:1
—cft — 1-{1+-}~-
{fz efi (YO0 i
2/v
—vbur/1 — (u/a)¥V (P fs—cfr+ fay + }vbu 1 - (%) =—gu).
(6)

2.2. Case 2

Similarly, for a general consideration of hyperbolic tangent function solution, we consider
the following ansatz:

1jv Ziw
u = ubu(%) [1 - (%) ] (7

where a, b, and v are real numbers, and v > 0. The solution is
u{E) = a tanh"(b& + cq). (8)

This solution can be considered as a special case of the trial solutions suggested by Lan
and Wang [12]. Thus, we have

2fw 2fv
u"=vb2u[(v—13(g) —2u+(v+1)(5) }
i a
1w 2/
=b(f’-) [u—i—(u+1)(5) :|u'
I a

" 2 a an 2 u 2 '
=5 (v—l)(v—Z)(E -2 (v+ v+ 2) - u
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1fv
u

a 3fv a
w@=b{w_4xu-zxu—w(;) —mu—n@—3v+&ﬁ( )

I 3fv
S+ D234+ 3u2)(—:~) —+ D+ 2D+ 3)(2) } o

Substituting these results into (3) yields

a 1fu M 2fv
Ubu{fz—ffi‘l“b(;) [U—l—(v+1)(z) ](sz3—6ﬂ+fs)

a I/w i /v
+vbu(;) [l—(z) :I(szs—cﬁ+fs)+---}
Iy 2fv
@) e

For the ansatz (Bernoulli equation)
¥ = au+ bu" (0

where a, b, and n are real numbers, ab < 0 (here, this conditioﬁ can be extended to the
case ab > 0 for some special case, e.g. see example 9 below), n # 1, and its solution

i 1/(a=1)
u(&):[—;—btanh(nz a$+co)—2a—b:| an

have been introduced to study a particular diffusion equation by Lu er af [13]. We now
present a2 more general resuit.
From the ansatz, we have

uﬂ = (a _I_bnun—l)u-' — a2 +ab(n+ I)nn—[ +b2nu2n—2
u" = [a® 4+ abn(n + Du"" + Pn(2n ~ 1)u® 20’

2.3. Case 3

Thus, equation (11) is a solution to (3), if and only if the coefficient functions satisfy the
relationship

Lfa—cfi+ (a+bna" Y fs — cfs + f5)
+au + bu™) (e fo — cfs + fo) + - Nau +bu™) = glu) . (12)

2.4, Case 4

We introduce the ansatz
u'=a0+a1u+agu2 (13

i.e. the Riccati equation with real constant coefficients. When ag = 0, it is a special case of
(10} for n = 2, and was introduced by Wang et ! [11]. However, it is distinguished from
them when ay 5 0. Its solutions can be expressed as

£§E+m)—ﬁL (14)
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for A = 4apaz — a:l2 > 0, and

A —-A iV =A 5]
= ———tanh{ —— e

u(§) 22, O ( 5 $+Co) 5o (15}
for A = dagas — a? < 0. Since we have

u" = (ay + 2au) o'

u” = (2apaz + a} + 6eazu + 6a3u%) o'
the coefficient functions need to satisfy the relationship
[f2 —cfi + (@1 + 2au) (e fs — cfa+ f5) + (@0 + ayu + agu®) (P fs — cfy + fo) + -]

x(ag + @i + axu®) = g(u) . (16)
2.5 Case 5
For a general consideration of triangle function solutions, we consider the ansatz

2fv
W = vbu (3) ~1 a7
I

where a, b, and v are real numbers, and v > (. Through integration, we obtain the solution
as

u(§) = a sin” (b + ¢p) . (18)

Thus, we have

1 2/u
e (-9
v 3

gl (-3) ()]
= Zam=il () 6) )

" = _v2b2|:1 — W(E)m] u
u

v

Substituting these results into (3) yields
{f ofy — vb(c? fys — cfa+ f5) [I _ (I _ l) (i)mjl
T Swjayi = v/\a
2fv

2/
+vbu (%) —1 (P fs—ch+fa)+- }vbu (g) —1l=gw).
(19)




2842 Z [ Yang

2.6. Case 6
We now consider an ansatz related to the hyperbolic cosecant function sclution:
u 2/v
¢ = b1+ () 0)
a
where v, a, and b are real numbers. Through integration, we obtain the solution as
u(£) = a cosech” (b + ¢y) . 21

Thus, we have
' = vty 1+u+1 z ”
¥ a
_ vb [l+u+l(5)2f“:| y
V1 (ufa)¥r AN

2/v
u = U2b2|:1 + (U+ 1)(”+2) (E) ] u

w? a

Substituting these results into (3) yields

vb(c2 f3 —cf4+f5)[ v 1 (u)z"”}
—ofs — 1 =
{fz i 1+ (ufa)dy T \a
u 2/v u 2fv
—vbu ]—}—(2) (czfﬁ—cﬁ+fs)+~-]vbu 1+(E) = —g(u).
(22)
2.7. Case 7

Consider the following ansatz:

[/v 1/v
u'="_’;“(§) sin {2(2) ] (23)

where v, a, and & are real numbers, Through integration, we obtain the solution as
u(E) = a tan™" "[exp(bE + cq)]. (24)

Thus, we have

/v ) v i
) 2 )
2/v w
u = bg_z(%) {(u — v —2)—{v—1)v—2)cos [4(%) ]
1 /v v W
o3 o T )
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Substituting these resuits into {3) vields

Ifv _ /v I v
{fz —cfi + (P fi~cfs+ fs)b(cos [Z(E) } + i) (E) sin [2(5) ])
a 2 u a
[/ /v
+(c2f6—6ﬁ+fs)z?i(§) sin [2(%) ]_;_}
1/v 1fu
x"z—”(%) sin [2(%) ] =2(). (25)

2.8. Case 8§

We consider the following ansatz:

a I/v u 1/v
u’:—ubu(;) sinz[(a) ] (26)

where v, a, and & are real numbers. Through integration, we cbtain the solution as
u(§) = acot™' " (bt + cp). 27)

Thus, we have

= bzm(%)m sin’ [(S)w} [2(2‘;)”” cos [(g)u] + (v — Dsin [(%)”]]
o<l Tl o)

O (G e
o-no-2eaa 0] T 0) o) ]
g ol

Substituting these results into (3) yields

a /v u 1y
[fz—cfl —b(02f3—0f4+fs)(a) sin[(;) ]
I/v v Ly
<(2(2) () |re-vml(Z)])
a a a
" a\
—Ubu(czf6"0f7+fs)(;) sin? I:(E) ]-z-}
/v 1fv
xubu(g) sin? {(i‘-) ]E»—g(u). (28)
u a
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2.9 Case 9
The following is also a triangle function ansatz:
w = =22 gin (2—“) (tan 5) " (29)
2 a a
where a, b and v are real numbers. Its solitary solution ¢an be obtained as
(&) = acot™ (6% + co)" . (30

Thus, we have

2
u" = —b[l -+ vcos (—u)} tan'/? (E—) u
a a
2 4
u" = p* |:2 + 3vcos (_u) + v2cos (—E)} tan?/¥ (ﬁ) u'
a a a

The coefficient functions satisfy the relationship

|:f2 —cfi— (' fs—cfs+ fs)b[l 4 v cos (zaﬂ)] tan!/ (E)

a
1/p
_(c2fa—cﬁ+fs)%sin(i—“)(tan§) +]
1/v
xﬂ;sin(i_u)(mg) =—g). (31)

3. Examples

We now will use the trial procedure to obtain the travelling wave solutions to some nonlinear
evolution/wave equations.

Example 1. For the first example, we study a generalized Kdv equation
ug + Bu Uy + Yugry =0 (32)

where ¢z and 8 are positive real numbers. This equation reduces to the original Kdv equation
and a modified Kdv equation for ¢ = 1,2, respectively. Verheest [4] derived the gKdv
equation with & = 3 for describing the propagation of ion-acoustic waves at critical densities
in a multi-component plasma with different ionic charges and temperatures. Schamel [5]
derived the gkdv equation with 8 = 1 and o = % for describing ion-acoustic waves in a
cold-jon plasma but where the electrons do not behave isothermally during their passage of
the wave. To our knowledge, there is no report about the general case for o > 0.

Since it is a homogeneous equation and its coefficients are polynomials of u, first, we
consider that case 1 may be applicable to this problem. Suppose that its solution can be
expressed in the form of (5), some algebra calculation yields the solitary solution

_ _Tele+ D +2)7" z,a[ a [c
) =ux—ct) = [T] sech =+ 2\/;0: —ct) + co] . (33)

It requires ¢/y > 0. It is clear that this solution is consistent with the results for@ = 1 and
2 [9].
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Second, we consider case 2 may be applicable for @ = 1, 2. So that the solution can be
expressed in the form of (8). We now determine the parameters, a, b, and v, by comparing
coefficients. Thus, (9) can be expressed explicitly as

a\ ¥ L\
ﬁu“—c+yb2|i(v—l)(v—2)(;-) —2u2+(u+l)(v+2)(a) }EO. (34)
This equation yields the equation system for v = 2/ = 1. 2;

c+ 2y =0 and ,8—-(v+1)(u+2)2 Zjv 5 =

The solutions are

l/a -
a= [—(a + D + 2)] and b=t ]
48 8y
It requires ¢/y < 0 when a and £ are real numbers.
Example 2. The second example is another generalized KdV equation:
i+ Bu wy + yutipltyy + Sthyey =0 (35)

where ¢, 8 and t are real numbers.
First, we consider o, v > 0, and try to use the solution in case 1. We assume the
solution can be expressed in the form of (5). Thus, substituting it into (6) yields

2}v /v
Bu® — ¢ + yb?v? f*’[l—fi-l-(g) ]+5bzv2[1—£‘iw(§) ]Eo.

v 2
(36}
If 8, y, &, v, ¢ > 0, this equality requires
g=T1+1+2/v and T+1=2/v
and
86°v: —c =0 B—yba v+ 1) =0 bW — 3Bk v+ Dy +2) =

Under the condition & = 2{t + 1) the solutions are

1/(z41)
v=2/(r+1) a—[(f+2)(‘f+3)——:}
82
b= i? Bé(r+2) C"ﬁ(f'"z}"'z‘

We now study the solutions matching case 2. Thus, the solution may be expressed in
the form of (8). Substituting it into (9) yields

2fv 2/v
Bu® —c + yvbiu™t |:(v - 1)(5) —2v+(v+ 1)(5) ]

) a 2/v » U 2/v
+3b [(u—l)(u—Z)(;) —2v +(v+1)(v+2)(;) ]EO- (37}

In the following, we consider three cases: (1) v=1,(2)v =2, and 3y v 1, v£2.
(1) v = 1, Thus, the (a/u)*terms vanish. The equality requires

T=1 and =4,
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In this case, for § < 0 and 8, ¥ > 0, we have the solutions

[35 |—38s 82
a == ? b== 27 c=3,8?<0.

(2Yv=2 Fora=2,7v=0,and 88 <0, we have the solutions

—_ 2
35 L [~ _ 568

2y 4y? T

]
I
|
o
|

ByvELvE2
(3a) There is no solution for o, v > .
{(35) For & > 0 and ¢ > 0, if and only if

T=-—1
§<0 y=>0 and §4+y <0
ea=2/v=08+y)/8>0

the equality can be true. In this case, the solutions are

25 i [0(38 + y)]”"
§+y T L 288

b= —ca? = —c@+y) .
B(S+¥) 842
Example 3. Let us consider a generalized Benjamin-Bona-Mahony equation:

ty A (Bu® 4+ Dy — Yt =0 (38)

where ¢, § and y are positive real numbers. When o = 1 and y = 1, it reduces to the
original Benjamin-Bona—Mahony [3] equation.

We consider applying case 1 to this equation, i.e. assuming the travelling solitary solution
can be expressed in the form of (5). Substituting the coefficient functions into (6) yields

2/v
ﬁu“+1-c+cyb2v1[1mwe) }Eo, (39)

2
v —
o

|
H-

Letting v = 2/¢z, we obtain

_Je=Dig+1){ez+2) l/e e le—1
a-[ 5 ] and b_-:I:Z ol

That @ and & are real numbers requires ¢ > 1.

Example 4. Let us consider a generalized Joseph-Egri equation:
ur+ (Bu® + Dty + yune =0 (40)

where o, 8 and y are real numbers, and &, ¥ > 0. Whena =y =1 and 8 > 0, it reduces
io the original Joseph—Egri equation.

When § > 0, we consider applying case | to this equation, i.e. assuming the travelling
solitary solution can be expressed in the form of (5). Substituting the coefficient functions
into (6) yields

Ifv
ﬁu“+1—c+c2yb2u2[1_£‘.’#l(§) ]EO. 1)
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Letting v = 2/, we obtain

- 1/ _
a=l:(c‘ l}(az-;U(ar—f-Z)] and b::l:g- < 1.

2¢ ¥
When 8 < 0, we apply case 6, and obtain the solution as

— e -
u(x —ct) = [(C Dl + 1)(a+2)] cosechzf"‘[:lz E—JC I(x—-ct)+60]- (42)
—28 2¢ ¥

For both cases, that a and & are real numbers requires ¢ > 1.

Example 5. Let us consider a generalized fifth-order Kdv equation, which reads

up + Bu® ty = Ylyry + Sthyxrex =0 (43)

where @ > 0, 8, ¥ < 0 and & are real numbers, We apply case 1 to this equation, i.e.
assuming the solution can be expressed by (5), substituting it into (6) yields

2/v
Bu® —c+ }'bzyz[l v+ (E) ]

12 a

2/v
+8b* [v‘* =2+ (v +2D2+2v + uz)(g)

4
+(v+l)(u+2)(u+3)(v+4)(§) ]Eo. (44)

Letting v = 4/¢, we have the equation system:

¢ —yb*v* — bt =0

¥+ 28652+ 20+ =0

B+ 8+ DHv + v+ 3+ 4a™ = 0.
The solutions are

.o ,:—yz(w + Do +2)(Be + Do + 4)]'/"

285 + da + o272
—aly —4y a4+ 2)
hb==t | ———er d = —e— |
BE+iatany = 8+ 4a + ol

Example 6. We now also consider another fifth-order Kav equation, which reads
e+ 8(L+ Bu ™ uy + Yilyrrr =0 (45)
where @, ¥, 8 > 0 and # < 0 are real numbers. Applying case 1 yields the equation

2fv
o(1 -+ putju® — ¢+ rb‘[v“ —2v+ D+ 2@+ 20 + UZ)G)

4fu
+{v+ v+ 2)(v + 3)(9-!—4)(2) ] =0. (46)

Letting v = 2/ex, we have the equation system:
c—ybvt=0
§ =20+ D+ 22+ 2v+1vHa"% =0
B+ yb* W+ D+ W+ +4a 2 =0.
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The sclutions are

—(2 + 3e)(1 + 2a2)]"®

“=[ 26 + 20+ aF) ]

b=i3[ —8(2+ 3a)(] + 2¢) }”“
2 Byle + Do+ 2)(2 + 20 + ?)?
—8(2 + 3a)(1 + 2a)

Blo + Dl + 2)(2+ 20 +02)?

o=

Example 7. We now consider a generalized Sharma-Tasso—-Olver equation:
B g + yutul 80Ty + Eltyre =0 47

where o, 8, v, 8, &, T and o are real numbers. Whene =2, 8=y =4=3,1 =0,
o =1, and § = 1, it reduces to the original Sharma—Tasso-Olver [6] equation,

First, we consider applying case 2 to this equation, i.e. the solution is assumed to be in
the form of (8). Substituting the ceefficient functions into (9) yields

/v /v 17v v
Bu¥ —c+ yubuf“[(ff) - (E) ]+5bu"[(u - 1)(5) — (v 1)(5) }
U a U a

a 2fv u 2w
+!;b2[(v — v — 2)(;) -2+ (v+ Dy + 2)(2) ] =0. (48)

For simplicity, we only consider three cases: (1) v = 1, (2) v = 2, and (3) v # |,
v 2,

(1) v = 1. The equation of coefficient functions is simplified to be
Bu® — ¢ —28a="bu"* byt (au=t — a7 ') — 260%(1 — 32" %%) = 0. (49)

In the following, we only discuss some typical cases.
(layx=0,0 =1, T =0. We have the equation system

B—c+yab—2b*=0 6ka~'b—25—y =0.

The solutions are

95(8 —¢) (B—c)25+¥)
=+ {—————— d b=F [——————,
THwre-n " Vo #6-7)
It requires that (8 —¢)/(é — y) > 0 for a and b real numbers.
(IbYx =1, 0 =0, T = 0. We have the equation system:

B—-2a""b =0 6ta”'b—y =0 vab —c—2£b2 =0,

The solutions are

3 lf3,6c 1 [c

It requires that §y = 38¢&.
(lc)a =2, 0 =1, r =0. We have the equation system:

B—28a""b—ya~'b+6Ea"t =0 yab —c — 256 =0.
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‘We obtain the eight sets of solutions as

18%¢
faThem \/6§ﬁ — (8- P28+ ¥ £ /(25 + ¥)> — 24B¢]
ass=a7s=—\/ 185¢
' ' 658 — (6 — y)[28 + y £ /(28 + y)? — 24B¢E]
_B+y+(25+y)2 2488

b2 2
6EB — (8 — V)28 +y £ /(28 + ¥)? — 24B¢]
bes = 284y — /(25 + y)? — 248E
3.4 = 4&.
X\/ 2Ec
6£8 — (3 — ¥)[28 + ¥ £ /(26 + v)? — 2484]
) 26 +y + /(28 + y)* — 24p¢
5,6 = 4z
><\/ 2c
658 — (3 — Y28 + ¥ £ /(28 + ) — 248¢)
b BV — /(28 +y)> —24B¢

48

2fc
x\/G-Sﬂ — (-8 +y £ /@5 + )7 - 24pE]

It requires (25 + ¥)? > 248E and 668 > (3 — ¥)[28 + y £ /(28 - ¥)2 — 248£] for a and
b real numbers. When (28 + y)? = 24 8%, we have

72tc c(284+y)
a== and b==% [ —————
\/(23 + )5y — 28) V 265y - 26)
It requires 28 < Sy.

(ld) e =4, 0 =1, T = 2. We have the equation system:
B—ya'b=0 vab —28a"'b + 6£a” =0 c+ 266 =0.

When y38 > 3¢, the solutions are
“=*‘—w bzi%m C=—4ﬁ2§();i-3ﬁ$)'

(2) v = 2. The equality becomes

Bu® — ¢ + 8bu® (@ - 3@) + 2ybut+! (\/¢T - \/u/_a) - 4sb2(2 - 3u/a) =0.

(50)

Similarly, we also only consider a few typical cases.
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2a)e=0,0=—1= % We have the equation system:
B—c+8Jab—8b" 4+ 2yJab =0 126b//a =2y —38=0.

The solutions are

_ 36(8 - c)& _ {38 +2y)
?= st 2033 - 2p) and b= iifg(ss "2
It requires {8 — ¢)/(33 — 2y} > O for b a real number.

(2b) @ = 1, 0 = —t = 1. We have the equation system:

B — 38b/fa — 2yb/fa+ 12667 /a=0 8/ab —c — 8Eb7 + 2y Jab = 0.

The four sets of solutions are

Tec
4y? — 982 + 488k & (2y — 38)/ 2y + 36)* — 48p¢
2y +35+ /@y +30)2 — 48§

Az =34 =

b1z aE
X 2§'c
492 — 952 4+ A8BE & (2y — 38)/(2y + 38)2 — 48BE
b 2y 438 £ /(2y + 38)2 — 488¢
14 = =

4§

2tc
X .
\/ 4y? — 982 - 4BBE £ (2y — 38)+/(2y + 38)* — 48p¢
It requires (2y + 38)? > 488%. When (2y + 38)? = 483§, the solutions have the simple

forms:
I8¢ P je(2y +38)
= d b=
=Syt " 4\ 28

(2¢) =2, 0 = v = 3. We have the equation system:

B—2yb/a=0 2y+fa —38//a+12%bja=0 8/ab — 8Eb> ~ ¢ =0.

The solutions are

o 3(8y — 2BE) b — LB /3(5V — 28£) e 3PSy — 2BEMSy — 4BE)
- 2y2 T T2yt 2 - 4y4 .

It requires 8y > 28§ for & a real number.
(3) v # 1, v 5 2. This case is very complicated in general. We only discuss this case for
special conditions: 8, 8, ¥, § 2 0.
If ¢« =2/v, —o =t + 1 = 1/v, we have the equation system:
B — yvbja'l” + E(v + 1)(v + 2)b*/a¥ =0
§+E(v—2a""b=0
vva b — 20%Eb — ¢ — §(v+ Db/av = 0.
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The four sets of solutions are

8[y F ¥? — 288 + Do + 2)] }”‘*

diz=diq4 = {

288@—1)
b o |8y £y 268 + D +2)]
T % (@2 — D +2)
b 0 (Sl VYT 285+ Dl +D)]
R (02 — (e +2)
8 S 2
Cl2 = C34 = Y (CU -+ o+ ) [Yi\/yz"zﬁ&'(a—kl)(a-;-z)]

Ea—1) 2@ -D+2)
It requires o > 1 and p? 2 28&(x + D){er +2). When y? = 28&(a + 1)}(x + 2), we have

a_[a(a+1)(a+2)]”"‘ ) 3y o Y35 +2)
L ove-1D T 2%V (@ -+ T 2%(? - o +2)

Second, we consider applying case 3 to this equation, i.e. assume that the solution can
be expressed in the form of (il). We now determine the three parameter, a, &, and n.
Substituting the coefficient functions into (12) yields

Bu® — ¢+ du”(a + nbu""") 4 yu'(au + bu™)
+&[a? + abn(n+ 1w + b*n2n — D] = 0. 61D

For arbitrary values of &, o, and v, it is very complicated. Thus, we only consider a special
case: =0 +n—1=1+n=2n— 2. In this case, we have the equation system:

B+dbn+yb+Ebn2rn—1)=0
S+ y+&bain+1)=0
ta’—c=0.

When [2}/-i-¢‘3(cz+2)]2 =885+ 1)(a+2) and 8(e+ 1S+ ) = (e +4)[2y +8(x+2)],
the solutions are
c b= 45+ y)

B S CEP IR

Example 8. We consider a generalized Kuramoto-~Sivashinski equation:
uy + Bu® iy + yuTtpx + typxy =0 (52)

where &, 8, ¥, &, and 7 are real numbers. When ¢ = [, 8 = |, and 7 = 0, it reduces to
the original Kuramoto—Sivashinski (14] equation. The KS equation occurs in the context of
modelling chemical reaction—diffusion phenomena, flame-front instability, propagation of
long waves on a thirt film or on the interface between two viscous fluids. It also serves as
a simple modei for chaocs.

We consider applying case 3 to this equation, i.e. the solution may be expressed in the
form of (11). Thus, (12) can be explicitly expressed as

Bu® —c+yutla+ bnu) + 8[::23 +a’bn(n® + 1+ Du*"!
+3ab’n(2n — DuP "2+ 6’20 — )3 - 2> ] =0, (53)
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This is very complicated in general. We only discuss a special cagse: v = # — | and
o = 37 = 3n — 3. In this case, we have the equation system:
B+8b°n(2n—1(3n-2)=0 da®—c=0
y+éabn(n* +n+1)=0  y+38abn(n—1)=0.

If and only if when n = 4, there are real number solutions for a, & and ¢, which read

a=z(__.§._)”3 o= (ZB)" o
6 \ 49882 2808 1058488
Example 9. Let us consider the Splading equation:

Uy — Btgx = K™ + ¥ (54)

where 8 and [ are real numbers, but { # 0. (It is a linear differential equation for [/ = 0.)
We can apply case 3 to this equation and obtain the solution as:

o1 ! -k -K 1
H(XHCI)=[—E—EtaIIh|i:L"2' ,B(I+I)(x:|:ﬁ B0+ 1) 3)+Co:|} . (55)

Here, it requires K/8(I + 1) < 0 in order for it to be a real function. (Note: parameters
a=band ab = —K/B( + 1) > O in this example.)

Example 10. We now consider a generalized Fitzhugh-Nagumo equation, which reads
ur — gy = Pu(l — )@ —y) (56)

where &, 8,8 > Qand ¥ € [—1, 1). Applying case 3 to this equation, we obtain the equation
system when n =48+ 1:

alc+ae) — fy =0 aba(§+2)+bc+ By +1)=0 B —bla(s+ 1) =0.

Solving these equations, we finally obtain the two solutions, which read

1 s [ 8 op 176
u;(x—-ct)--{i-i-ztanh[q:-i a(a+])(x:b(y3+y—l) mr-{-cu)]}
(57)

5 L/8
uz(x—ct)={§+%tanh[q:%- a(si_l)(xq:(y—a—l) %r-}-m)]} .

(58)

Example []. We now consider a generalized Kdv-Burgers equation
pt Butux — yuTuyy + Sigey =0 . (59)

where o, # and T are positive real numbers. It reduces to the Burgers equation for o = 1,
y=1,7t=0,and § = 0. It also reduces fo the Kdv equation foree =1, y =0, and § = 1.

Let us consider applying case 4 to this problem. Substituting the coefficient functions
into (16) yields

Bu® — ¢ — yu'(ay + 2a3u) + 5(2apay + a? + 6aaou + 622u?) = 0. (60)

For simplicity, we only study the equation for ¢, o, 8, ¥, § > 0. Thus, we consider two
cases; (Dao=1=land Q)a=2,t=1.
(1) & = T = 1. We have the equation system

B—ya +68aja; =0 2yaz—6é‘a§=0 8(2aga2+a12)—c=0.
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Some simple algebra yields

aﬁéi(f_ﬁi) m=_bB LT

2p\& 2 y 38
Finally, letting A = 4apa; — a,z = 2¢/8 — 382%/y2, we have the solution as
35/ A A 356 2
u(x —ct) = 2{ tan [%(x —ct)+ co] + ZL;Z for ¢> % (61)
38— A =A 388 388°
ulx —cty = — tanh (x—cty+co|+ i for c< —. (62)
2 2 2y 2y?

{2) @ =2, T = 1. We have the equation system
B—2yva+ 63a§ =0 ya; — 6daja; =0 ¢ —8Qaaz —|-a12) =0.

If we choose a; = 0, the solutions are

3¢ y /¥ —685

dy = —————— and as =
Py -6 ’ 63
If @; # 0, and only if y? = 6 88, we have the solutions as
3¢ 4
= — d =*—,
a0 ¥ an @ 65

Finally, letting A = dapay — a,2 = 2c/6 — af for any real value of a; % 0, we have the
sofutions as

u(x —ct) = M tan [TA(x —ct) + coj| - _3%@1_ for A>0 (63)
y
/TR JA 35

wr = ety = == tanhl: > (x—ct)+co]-——fl for A <0 (64)

when q; = 0, the solution is

_ =____§é__‘/§ [‘/Z _ } s
u(x —ct) y:b\/m 6tan 26(}: cty+col. (65)

Example 12. Let us consider the following nonlinear wave equation:

Vol —u(uy — txy) + Buuy =0, (66)

Applying the solution in case 5, it is easy to obtain the harmonic wave solution as

w(x — ct) = wsin [ (x —ct)— co} . (67)

c? -1

Example 13. We also consider a generalized KdV equation:
A+ Bu g + yutuy, =0 (68)

where «, 8, ¥ and t are positive real numbers.
Let us apply case 5 to this equation, i.e. assume

u(x —ct) = a sin"[b(x — ¢t) + o). (69)
Substituting it into (19} yields
_ _ 2/v
R TN

w2 u

0. {70)
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When 2/v = o = 7, we obtain the solutions

2c e o?B
e S

These results require that o 5 1 and « 5% 2.
Example 14. Consider a modified sine~Gordon equation:
Uyy + Vi — iy = o SIn{Bu) + 2 sin(28u) (71)

where @, a2, B, and y are positive real constants. This equation may be regarded as a
higher-order approximation compared with the original sine—Gordon equation. Applying
case 7 (let v = 1) to this equation, it is easy to obtain the solitary wave solutions as

2a 2
u(x — ct) = 28~ tan™" {exp [i'f(xi /5'1'8———23'91’_ t —co)]]. (72)
¥ aip

Example 15. Similarly, we consider a sine~Gordon-like equation:
Urx + Yty — g = ey sin’ (Bu) + cry sin*(Bu) cos(Bu) (73)

where ¢, o3, and § are positive real constants. Applying case 8 or case 9 to this problem,
it is easy to obtain the solitary wave solution as

25
wx —cf) = —p~"cot™! [% (x + /% : —co)] . (74)

4. Discussion and conclusions

From the above examples, it is clear to see that the single travelling solution to a noalinear
evolution/wave equation could be obtained by a trial procedure with simple algebraic
calculations, It could also be seen that the present method may be generalized for obtaining
the multi-travelling solutions, which would be the next step to extend the applications of
the technique to achieving the exact solutions to the nonlinear evolution/wave equations.

By introducing a series of ansétze, we have solved several classes of nonlinear partial
differential equations, which are used in physical sciences. Through the presentations of
various kinds of examples, we may achieve the following concluding remarks.

(1) The present ansatz approach only involves algebraic calculations, which is much easier
than the differential and integral derivations, compared with the previous methods.

(2) Using a simple trial procedure, we can determine the condition for the existence of a
certain kind of solution.

(3) From the examples given in this paper, one may see that the present method is quite a
powerful tool for obtaining exact analytical solutions.

The method used in this paper may be considered as a practical approach to obtaining the
travelling (andfor) wave solutions to nonlinear evolution/wave equations. It can in principle
be generalized to the investigation of coupled nonlinear evolution/wave equation systems,
which 1s beyond the scope of this paper.

It is worthwhile pointing out that the method used and the solutions obtained in this
paper can be generalized to higher-dimensional systems.
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